arXiv:1504.01700v2 [hep-th] 19 Aug 2015 


Prepared for submission to JHEP 


KIAS-P14053 


Supersymmetric Localization for BPS Black 
Hole Entropy: 1-loop Partition Function 
from Vector Multiplets 


Rajesh Kumar Gupta,“ Yuto Ito,^ Imtak Jeon,^ 

“/CTP, Strada Costiera 11, 34151 Trieste, Italy 

^School of Physics, Korea Institute for Advanced Study, Seoul 130-722, Korea 
E-mail: rguptaOictp.it, yitoQkias .re.kr, imtakjeon@kias.re.kr 

Abstract: We use the techniques of supersymmetric localization to compute the 
BPS black hole entropy in A/" = 2 supergravity. We focus on the + 1 vector multi¬ 
plets on the black hole near horizon background which is AdS 2 x space. We find the 
localizing saddle point of the vector multiplets by solving the localization equations, 
and compute the exact one-loop partition function on the saddle point. Furthermore, 
we propose the appropriate functional integration measure. Through this measure, 
the one-loop determinant is written in terms of the radius of the physical metric, 
which depends on the localizing saddle point value of the vector multiplets. The 
result for the one-loop determinant is consistent with the logarithmic corrections to 
the BPS black hole entropy from vector multiplets. 
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1 Introduction 


A consistent theory of quantum gravity should be able to provide the statistical 
interpretation of Bekenstein-Hawking entropy which is given by one quarter of the 
area of the horizon in Planck units [1, 2], String theory being a candidate for the 
quantum theory of gravity provides a natural framework to study classical and quan¬ 
tum properties of black holes. In last decade there has been tremendous progress 
in this direction in the large cases of supersymmetric extremal black hole after the 
work of Strominger and Vafa [3]. In particular, now we have a very good under¬ 
standing of statistical degeneracy for a large class of supersymmetric extremal black 
hole in A/" = 4 and A/” = 8 string theory which in the thermodynamic limit reduces 
to Bekenstein-Hawking entropy [4-14], In order to extend this comparison beyond 
thermodynamic limit, one needs to understand how to compute the corrections to 
Bekenstein-Hawking entropy in both microscopic and macroscopic level. In a quan¬ 
tum theory one would expect that both the microscopic and macroscopic entropy 
will receive corrections from perturbative and non-perturbative effects. At the mi¬ 
croscopic level understanding, these corrections involves computation of degeneracy 
to a greater accuracy and its asymptotic expansion [15, 16]. On the other hand at the 
macroscopic level, one needs a full quantum generalization of the entropy formula. 

The area law is generalized to Wald entropy formula [17, 18] to take into account 
the higher order derivative corrections which include the a'-corrections in string theo¬ 
ries. For the single centered extremal black case, the formula was further generalized 
by Sen [19, 20] based on AdS 2 /CFTi. The extremal black hole has the AdS 2 factor 
in its near horizon geometry, so it is of the from, AdS 2 x iF, in 4 spacetime dimen¬ 
sions. Here, K becomes for the supersymmetric case because the supersymmetry 
requires the extremal black holes to be spherically symmetric. According to this 
proposal, the full quantum entropy associated with the horizon of an extremal black 
hole is given in terms of expectation value of Wilson loop at the boundary of the 
AdS 2 . The proposal takes the form. 


W(p, q) 



dOAi 


r 

/ AdS2 


( 1 . 1 ) 


where < >AdS 2 denotes the hnite part of unnormalized Euclidean path integral and 
the quantum entropy associated with the horizon is given by 


Shor{p,q) = lnW{p,q). 


( 1 . 2 ) 


Since the proposal involves the path integral over all fields including the metric, there 
is no notion of fixed background. But, as is denoted by the subscript in (1.1), the 
boundary condition is hxed by the attractor values of the black hole background, 
which is the AdS 2 geometry. The Wilson loop wraps the boundary of AdS 2 . The 
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insertion of the Wilson line at the boundary means that we change the boundary 
condition from Dirichlet to Neumann condition for gauge held. Neumann condition 
hxes the electric helds at the boundary i.e. electric charges and hence the proposal 
computes the entropy in the microcanonical ensemble. Further, we need to extract 
hnite part of the functional integral to see the physically meaningful quantity. Since 
there is an IR divergence due to the inhnite volume of AdS 2 space, the IR divergence 
should be removed by regularization and the holographic renormalization. 

The classical limit of this partition function reduces to exponential of Wald 
entropy. Furthermore, one can use this proposal to compute the full quantum cor¬ 
rections. It includes not only a' correction but also Qs quantum correction as well as 
the non-perturbative correction to the entropy. To compute this, one has to integrate 
over all string helds on each saddle point. Since this integral over all string helds 
is quite difficult and challenging, the strategy we follow is to hrst integrate out all 
massive KK modes and stringy modes, and write down a Wilsonian ehective action. 
This ehective action will be given in terms of few massless supergravity helds and 
include all higher derivative corrections together with non-perturbative corrections 
coming from worldsheet instantons. Thus we are left with the path integral over 
massless helds with the above boundary conditions and we takes this as our starting 
point. By computing the path integration, the proposal of the quantum entropy 
function has been tested. Perturbative calculation on a classical saddle point and 
comparing it with the similar expansion on the microscopic side has led to perfect 
match of logarithmic correction in case of BPS black hole in = 4 and N' = 8 
supergravities [21-24] in 4-dimensions and BMPV black hole in 5-dimensions [25]. 

The computation of the path integral can also be performed by using, so called, 
supersymmetric localization. It is a powerful method, making the exact computation 
possible in a supersymmetric theory. This method has been used quite successfully 
in the cases of supersymmteric gauge theories in various dimensions and on various 
compact manifolds [26-31]. The argument of the localization principle is so general 
that this principle can also be applied to the supergravity computation. The argu¬ 
ment of the supersymmetric localization is following [32]. Let us suppose that Q be 
a fermonic symmetry which gives rise to a compact bosonic symmetry, 

Q^ = H. (1.3) 

We would like to compute an integral of some Q invariant function h and Q invariant 
action S', 



where we let the measure d/r is also invariant under the Q. We deform a partition 
function by adding the Q-exact function QV with parameter t, 

Zt = j diihe-^-^^^ . (1.5) 
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where is a fermionic function and invariant under the ih-transformation. Since 
the action S, measure d/r and the localization action are invariant under the the 
supersymmetry Q, the modihed partition function Zt is independent of the parameter 

t. 

j^Zt = - j dfiQVh = - J dijQ{Vh = 0 . ( 1 . 6 ) 

In the limit t —)■ oo, the semiclassical approximation with respect to 1/t is exact. 
One left with the integration over the submanifold M-q 

Z = Z^= / d/iQ e“'^Zi_ioop, (1.7) 

Jmq 

where Alg is the manifold where QV = 0 and d^Q is the induced measure on the 
submanifold A4.q. For supergravity case, a rigid supersymmetry parameter can be 
chosen, where the should preserve the asymptotic boundary conditions. In the 
case of the black hole entropy, we choose a Killing spinor of AdS 2 xS^. 

The supersymmetric localization principle requires the off-shell closure of the 
supersymmetry algebra. The M = 2 supergravities coupled to vector multiplets in 
4-dimensions has an off-shell formulation in terms of conformal supergravity [33-35] . 
It is a gauge theory, where all the M = 2 superconformal symmetries are promoted 
to the local symmetries, which couples to the matter helds, and gauge equivalent to 
the Poincare supergravities. The Weyl multiplet having off-shell degrees of freedom 
includes the gauge helds for all the local symmetries, where the graviton and gravitini 
are contained. To have the degrees of freedom for M = 2 Poincare supergravity, one 
needs to add additional matter multiplets which is called compensating multiplets. 
One of the advantages of this formulation is that the off-shell supersymmetry algebra 
does not depend on the choice of prepotential and as a result the solution for the 
localization equations and the computation of one-loop partition function do not 
depend on the details of prepotential. 

To utilize the advantage of the conformal supergravity, we use the freedom of a 
choice of the gauge condition. Note that the metic in Weyl multiplet is not the 
physical metric and conformaly related to the metric in Einstein frame 

Qfiu = ( 1 . 8 ) 

where K{X,X) is the Kahler potential that is function of the scalars in the vector 
multiplets. A conventional gauge for the scale symmetry is choosing the = 1, 
and it constrains the the degree of freedom of -|- 1 scalars. Instead of this gauge, 
we use another choice: the radius i of the AdS 2 xS^ metric to be constant, and 
all the -|- 1 scalars to be free to fluctuate. Throughout this paper, we follow this 
gauge choice. Note that the conformal mode of the physical metric G^i, is encoded 
in the fluctuating scalars in vectormultiplets. 
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The application of the supersymmetric localization to quantum entropy function 
was initiated in [36-38]. In the work of [37], the authors consider |th BPS black 
hole in = 8 supersymmetric string theory for which microscopic answer is known. 
After considering truncations of A/" = 8 supergravity to A/" = 2 supergravity with only 
vector multiplets, and assuming that the one-loop determinant coming from localizing 
action is trivial, they find that the on-shell action evaluated on the localization 
solutions together with proper integration measure itself reproduces the modified 
Bessel function, which is the microscopic answer for |th BPS black hole in A/" = 8 
theory. The agreement with microscopic answer is remarkable, however we still need 
to understand the assumptions taken in this process. The integration measure should 
be the result of the one-loop determinant coming from all the multiplets including 
Weyl multiplets and gravitini multiplets. 

It is the purpose of this paper to verify these assumptions. As a first step, 
we focus on the fluctuations of -t- 1 abelian vector multiplets and compute the 
^i-ioop while keeping the Weyl multiplet and all other multiplets to their classical 
near horizon background. It is essentially equivalent to that we are considering 
fluctuation of vectormultiplets on the localizing saddle point of the Weyl multiplet 
as it is known that the Weyl multiplet localized to its on-shell background AdS 2 xS^ 
[39] . In the computation of the functional integral, the analytic continuation could be 
a subtle issue because the Euclidean action is not positive definite. We will address 
two possible choices. One is motivated from the work of Pestun, Hama, Hosomich 
[26, 31], the other is from the work of Dabholkar et al. [36, 37, 39]. Although we will 
choose the former one throughout this paper as it seems conceptually easier and safer, 
we will argue that both choices will be consistent. The definition of the functional 
integration measure would also be subtle. A non-linear sigma model specifies its 
non-trivial functional integration measure by the principle of ultra locality [40, 41]. 
We will follow this idea to suggest the path integration measure of the supereravities. 

We summarize our results here. We first find the solutions of the localization 
equations using our choice of reality properties and find that the solutions of local¬ 
ization equations are labelled by 2 real parameters for each vector multiplet. We 
then compute the determinant of the quadratic fluctuations of the Q-exact deforma¬ 
tions about the localization solution. Since we are dealing with the abelian vector 
multiplets, the answer does not seem to depend on the parameters of the localiza¬ 
tion solutions. Also, since the off-shell supersymmetry transformations for the fields 
involve unphysical metric which has dilatation weight —2, our answer of the one- 
loop determinant seems not scale invariant if the ordinary path integration measure 
assumed. However, given that our calculation is in conformal supergravity where 
all the symmetries are realized as gauge symmetry, one would expect that with the 
gauge invariant measure the one-loop determinant should be scale invariant. We 
propose the scale invariant path integral measure involving vector multiplet fields in¬ 
cluding ghost fields. With the proposed measure we find that the answer does depend 
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on the localization solution through the physical metric which is scale invariant. It 
produces the vector multiplet contribution to the classical measure assumed in [36- 
38], completing the exact contribution oi M = 2 vector multiplets to the black hole 
entropy. The result is consistent with the logarithmic corrections from the on-shell 
computation [45]. 

The organization of the paper are as follows. In section 2, we describe M = 2 
vector multiplets on Euclidean background by taking the Euclidean continuation 
starting from Minkowskian supergravity. We present two possible integration con¬ 
tour using further analytic continuation for well dehned Euclidean path integral. We 
then take the AdS 2 X background and describe the supersymmetry algebra with 
a choice of localization supercharge. In section 3, we present the localization La- 
grangian and the solution of localization equations. In section 4, we compute the 
one-loop determinant about the localization background by computing the index us¬ 
ing Atiyah-Bott hxed point formula. In this section, we assume the trivial functional 
integration measure and obtain our result in terms of unphysical metric. In the next 
section, we propose the form of the scale invariant path integral measure and recon¬ 
sider the calculation of the one-loop determinant, and therefore our main result is 
expressed in terms of physical variables. We end our paper by pointing out issues 
and open problems in the discussion section. 

Note added; While this paper was being prepared for publication, we received 
communication from S. Murthy and V. Keys of a paper which contains overlapping 
results [42]. 


2 J\f = 2 vector multiplets 

2.1 Euclidean continuation 

In order to get off-shell M = 2 vector multiplets in Euclidean background, we start 
from M = 2 conformal supergravity coupled to -|- 1 vector multiplets by setting 
the Weyl multiplet as a background. Here we also translate the Lorenzian signature 
to Euclidean signature. For the details of the conformal supergravties, convention 
of gamma matrices, spinors and relation to those of Euclidean signature, we refer to 
the appendix A and B. 

Let us see how the fermionic helds are translated to those in Euclidean signa¬ 
ture. Since the 4 dimensional Euclidean space does not allow the Majorana spinor 
representation, it is useful to redehne helds in such a way that they satisfy the sym- 
plectic Majorana condition. For the chiral and anti-chiral projection of the gaugino, 
poincare supersymmetry parameter and conformal supersymmetry parameter, we 
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use following redefinition, 


rij — y SijX^ n* — y —fA* 

e* —, Cj —)■ , (2.1) 

r]i -)■ r]^ ^ fj\ 

where although we keep using four component notation, we use unbarred and barred 
notation to denote chiral and anti-chiral projected spinors. The symplectic Majorana 
condition in Minkowski space is 

, (T*)t7o = , (2.2) 

where C- is the charge conjugation matrix. They satisfy 

7f = C'_7aCT\ C^ = -C_, Cl = ClK (2.3) 

Note that the chiral and anti-chiral projection is not compatible with the (symplectic) 
Majorana condition, so the condition (2.2) relates the chiral spinors and anti-chiral 
spinors. 

After hiding f operation on all spinors in the theory using the symplectic Majo¬ 
rana condition (2.2), the action and the supersymmetry transformation rule do not 
distinguish whether they are of Minkowkian or Euclidean theory. So, we are free to 
go to the Euclidean theory by taking analytic continuation 

t = -ie. (2.4) 

However, we note that the property of the fermions under the complex conjugation 
is different. In the Euclidean 4-dimensional space, we treat the chiral and anti- 
chiral spinors as independent helds, as they are no longer related by the complex 
conjugate. Instead, we can impose the following reality condition, i.e. symplectic 
Majorana condition, for each chiral and anti-chiral spinors, 

(T‘)t = T,, (T*)t = T^, (2.5) 

where the spinors with lower SU{2) index is dehned as 

Ti = -ze,,(T^7C'_, Ti = . (2.6) 

However, while we will choose the Killing spinors for the supersymmetric localization 
to satisfy this reality condition, spinor helds may not strictly follow this condition 
because we will further impose analytic continuation in such a way that the path 
integration is well dehned. 

The killing spinor equations are obtained from the variation of the gravitino, 

2D,e - - %rf = 0. (2.7) 
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Here Tab and Tab are self-dual and anti-self-dual auxiliary tensor in Weyl multiplet^. 
And the covariant derivative includes gauge fields of both SU{2)pi and These 

equations determine in terms of killing spinors, 



(2.8) 


We also read off the auxiliary equations from variation of the auxiliary fermionic 
helds, X* and 0^, in the Weyl multiplet, 


+ DC + ^tTabr^C = 0 
+ DC + Y^fabl%^ = 0 
VllaC + - 2D,ft = 0 

VllaC + = 0 . 


(2.9) 


2.2 Vector multiplets in Euclidean theory and analytic continuation 

In this section, we present the vector multiplets in Euclidean theory that is com¬ 
patible with M = 2 supersymmetry, and then take the analytic continuation for the 
contour of the path integration. 

M = 2 vector multiplet consist of scalars X and X, one vector field W,, SU{2)r 
triplet auxiliary field Yij and SU{2)ji doublet fermion A*. For our purpose of extremal 
black hole, we will only consider abelian vector multiplets. The supersymmetry 
transformations of the vector multiplet fields are given by 


QX^ = -iCX'\ 

QX^ = -iCX^\ 

= 2 i^^DaX^c + + 2^X7', 

QA'* = 2 irDaX^C + + YkjeH" + 2^X7*, 

QWl = -Cl,X^' . 

QYX = 2C,IpX^^ej)u + 2C^IpX'^^e,)k • 


where the covariant derivatives are 


D,X^ = d,X^ -A,XC 
D,X^ = d,X^ + A,X^ , 

= {d, + lu,abr^ - , (2.11) 

= {d, + luj,abr' + lA,)X' + , 


^For convenience, we redefine the tensor in Lorenzian theory as = iTab and = iTab- 
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( 2 . 12 ) 


and is defined as 

_ rpl _ 

The square of the supersymmetry transformations are give by 

+ (w + 0) X^ 

Q‘^X^ = v>^D^X^ + (w - 0) 

Q2y/i = + (fw + i|0) + 0*,A^J , (2.13) 

q2A« = yt^D^X^^ - \Lab-f^^X^^ + (|w - i^e) A^* + 0*jA^^', 

Q^Wl = v-^{F + F)i^ + d,<^>\ 

Q% = v^D^Yi + 2wYi + Yl^Q\ + Y^Q^, , 

where 

y^ = 2ia^i\ w = -\{'n£ + f]£), 

Q = \{-V^C + V^C). (2.14) 

J^ab ^ ^ lJ,^^J.ab ^ l_^^^ab^i _ ^ 

0*i = ^jV' - VjC - l^'jiViC - ViC ), 

$^ = -2*(e'fx^+6e^0- 

The square of the supersymmetry (2.13) is summarized into 

= £„ + Scale(M;)+ i?5o(i,i)(0)+ Lorentz(L“^)+ i?5;7(2)(0*j)+ Gauge(|)-^), (2.15) 
where 

e =-ti'‘/ip+e, = e‘j = iti'‘vy+e‘j, i>'=-K^iy'+t'. 

( 2 , 16 ) 

Note that the reality condition in (2.5) is compatible with the supersymmetry 
transformation if the bosonic helds and the background Weyl multiplet satisfy 

(X0* = -X^ (xO* = -x^ {Yir = Y^^\ {Wly = wl 

{Tabr = Tab, {fabr = fab, (A^T = , (V/,)* = •(2.17) 

That is to say, the reality condition of fermions in (2.5) and bosons in (2.17) is pre¬ 
served under the supersymmetry transformation rules given in (2.11). In particular, 
the symmetry parameters appeared in the algebra, (2.37), satisfy the following reality 
conditions, 

(^;/^)*=^;M, W* = w, Q* = e, (L“'’)* = L“^ {Qyy = Qy = eiky^Qy, ($0* = <^>^ 

( 2 . 18 ) 
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Therefore, the reality condition of all the helds is preserved. Here, the fact that 
parameter 0 is real reflects that the abelian factor of the R-symmetry group for the 
Euclidean space is S'0(1, l)i?, whereas the U{1)r is for the Minkowskian space. 

However, we may have to take further analytic continuation. As the Eulclidean 
Lagrangian is of the form ~ dfj^Xd^X — Y,ijY^^ which is not positive dehnite, the 
path integration is ill-dehned. One natural way is to take the path integral contour 
to follow [26, 31] 

{X^y = X^ , {Yly* = -Y^^^ , (2.19) 

that make the Euclidean action positive dehnite. In this analytic continuation, the 
abelian R-symmetry is U{1)r as of the Minkowskian theory^. Another way is to use 
the localization action —tQV as a regulator by taking f —)• oo. Here we can allow 
the physical action not being positive dehnite, but still positivity on the localization 
saddle point is required. This way is motivated by the choice of the contour in 
[36, 39], 

{xy* = X^ , {xy* = X^ , Yy = , YI = = YI = Xi , (2.20) 

where XI 23 are real and a and (3 are appropriately chosen coordinate dependent 
phase. The localization saddle point was obtained, and it turns out the physical 
action on the localization manifold is positive. Both of the reality conditions are not 
compatible with the supersymmetry transformation. The square of Q gives rise to a 
gauge transformation with the parameter $ as in the algebra (2.15) and it is not real 
value for both of (2.19) and (2.20). Nevertheless, the argument of localization still 
holds because the action is invariant under supersymmetry transformations [26]. 

Throughout this paper, we will be considering the hrst choice of the reality 
condition, (2.19). Nevertheless, we will argue that two choices are consistent, giving 
same result. 

2.3 Supersymmetry on AdS 2 xS^ 

In 4-dimensions, a supersymmetric extremal black hole has near horizon geometry 
of the form AdS 2 xS^. Also all other held conhgurations at the near horizon are 
consistent with the isometry of the AdS 2 xS^. In the quantum entropy function, this 
background serves as the boundary condition for helds in the path integral. In the 
Lorentzian signature, AdS 2 xS^ geometry implies the following ansatz, 

= ^\/- 1 ), ey = - 1 ), ey = ismy, = I, 

D = 0, F^, = ei, Fi^ = -p^smy, X^ = X^ , Y^ = 0 , Ty = fu (2.21) 

^ The abelian R-symmetry gauge fields should satisfy (A^)* = —A^. 
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And by the attractor equations, the constant ^ and Xl are fixed in terms of the 
electric field and magnetic charges, el and pi, and the complex constant cu. 



OJU ’ 


A{uj-^Xi + u-^Xi) = el, ( 2 . 22 ) 

At{Q-^Xl-uj-^Xl)=p^. 


Solving the above equations fixes the value of the scalar field Xl in terms of electric 
field and magnetic charge. 


Xi = %l + tp^). 



(2.23) 


Using the global U{1)r rotation from the superconformal Weyl multiplet, we will set 
u = O = A/l. Thus with this choice of uj and cu, the U{l)ji symmetry is explicitly 
broken. 


In the Euclidean AdS 2 xS^ case, the near horizon field configurations take follow¬ 
ing form 


eg^ = ismhT], = i, 6 ( 1 )^ = i simp, = i, 

Peg = * sinh(r7)ei , sin pj, X^ = Xi , = 0 , (2.24) 

D = 0 , Tr^e =—Asmh{r|)^, = —4sinh(?7)£. 


In the above we have used the r = coshr;. With the above vielbein, the non vanishing 
component of the spin connections are 


= cosh(77), = cos(V’) • (2.25) 


The background value of (2.24) implies that the auxiliary Killing spinor equations 
(2.9) become 

-2D^fr = -2D^r]^ = 0 , ^ ’ 


which imply that r/® = 0 and = 0. Then, the main Killing spinor equations (2.7) 
become 

0 = 

0 = 2D,C-r,7abT^%e- ^ 

It is solved in [43] and there are 8 Killing spinors. For the purpose of the supersym¬ 
metric localization, we will choose the following two Killing spinors among them. In 
terms of Dirac spinor notation. 


c :=e+e, 


(2.28) 
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and in the following gamma matrix representation, 


7^ = CTi 0 1 , 7^ = (J2 ® 1 , 7^ = CTs ® CTi , 7^^ 

our choice of the Killing spinors are 


(T3®(J2, 75 — ~71234 — O'S ® <^3 ) 

(2.29) 




^gi(0+</.)/2 


^ sinh 3 sin I ^ 
cosh 2 sin ^ 
sinh ^ cos | 
cosh ^ cos y 




^g-i( 0+</.)/2 


^ cosh I cos ^ ^ 
sinh I cos | 

— cosh ^ sin ^ 

— sinh ^ sin ^ j 


(2.30) 


These Killing spinors satisfy the the symplectic Majorana condition 


((!)* = -i£l2(cri 0 C^2)C^ £i2 = 1- (2.31) 


Our choice of charges generates the killing vector field of the compact isometry 
transformation as 

mrC)d, = Aj{de - d^) = -tA{L - J) , (2.32) 

where we denote L as the rotation of the AdS 2 and J as the rotation of the S^. We 
also note that 


= 2(cosh7 + cos V’), = 2(cosh7 — cosV') • (2.33) 

Then the symmetry parameters (2.14) are given by 

= 2{lYe)d, = ij(d, - dt) , 

= 2 cosh(? 7 )(cj + a)) + I cos tp{Q — u) =4^ cosh(? 7 ), 

= 4 cosh( 7 )(a; — oj) — \ cos(V’)(n; + w) = —4- cos{tp ), (2.34) 

<h'^ = —4i cosh(7)Xj^ — 4 cos('^)X2 , 

u; = 0 = 0h = 0, (2.35) 

where 

Xi = X^ + X\ Xi = -i{X^ - X^). (2.36) 

Therefore, the parameters (2.16) in the supersymmetry algebra (2.15) are 

0 = = 0 , _ 0 , = 0 , 

Qi. = = 0 , = -v^^Wl - 4i cosh(7)Xf - 4 cos(^)X^ . (2.37) 

Note here that = 0 and v^Vf/j = 0 as the background value of them are zero. 
It still holds when we consider the Weyl multiplet as localization saddle point [39]. 
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3 Localization 


We deform the physical action by adding the following localization Lagrangian, 

ny 

C^ = QV, V= (Of + Of )“^ + (QA'O^A'" • (3.1) 

1=0 

Here, we take overall normalization factor (ff + ff such that we will get stan¬ 
dard kinetic terms for scalars and fermions. Note that the localization Lagrangian 
is by construction positive dehnite as it involves the dagger operation. The dagger 
operation should be taken carefully because it relies on which contour of integration 
that we choose. For the positive dehniteness of the Euclidean action, we gave up the 
the reality condition (2.5) for fermions and performed further analytic continuation, 
following the contours dehned in (2.19). 


3.1 Localization saddle points 

To look at the localization saddle point, let us consider the bosonic part of the 
localization Lagrangian. After some algebra, one can rewrite the bosonic part of the 
localization Lagrangian (3.1) as follows^. 


(5,c + = j (sF + jy) ya.xif + (v-a.x'f] 

?I- I 1 Vir 




1 

2 






(3.2) 


where the symbol ± indicates the self-dual or anti-self-dual parts such that, 

± leabcdF^'^'^) , V[adb]± := l{v[adb] ± IsabcdV^'^d ^^). (3.3) 


• The localization solution ; The condition 0 = gives 6 localization saddle 
point equations. Classical background is the trivial solution. On top of this we hnd 
the other off-shell solutions. From the hrst and the last two lines in (3.2), one hnds 
the unique solution for X/ and Y/^ [36, 39], 


xi = 


Ci 


i cosh T] 


Y — — 
^12 — 


Cl 


& cosh^ rj 


Y—Y — 
^11 — ^22 — 


(3.4) 


^Here we set the U{\)r gauge field, A^, to be zero as the localization saddle point in Weyl 
multiplet [39]. 
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Similarly first three lines of (3.2) provides equations for and X^- We find a 
nontrivial smooth solution which is given by 


Xi 


cj cos'll) ^ Cj 
i cosh 77 ’ P cosh^ 'q ’ 

-^13 = -^24 = -^14 = 0 . 


C 2 sinh q sin 
P cosh^ q ’ 


2 C| cos ip 
P cosh q 
(3.5) 


However, we cannot prove that this is the unique smooth solution but we will provide 
evidence in support of it in the appendix D. One important feature of the above 
solution is that although there is a non trivial held strength along S^, the total hux 
however is zero. Thus the magnetic charge for this off-shell solution is same as the 
attractor value. 

•At north/south pole and the origin: At the hxed points q = 0 with ip = 0 or 
"0 = TT, it seems that further singular solutions can be enhanced because = 0 or 
= 0 at this point and the number of localization equations are reduced. However, 
we will argue that there are no nontrivial solutions that are localized at the hxed 
points. 

Consider the point q = 0 and 'ip = 0. Using the fact that 

= 0 , = 0 , = o, ( 3 . 6 ) 


and after some algebra, one hnds that the localization Lagrangian reduces to 


= iteU + (v“d^Xif] + (5'‘A'i5„.Y, + 5^Y25,..Y2) 




2Fab\ 


A _1— X^T X 


(3.7) 


From the hrst line, we get X( and to be constant. Since = 0 at the north 

pole, we get the anti-self dual equation from the hrst term of the second line. 


FP+ = ^XP = 0 




2 


(3.8) 


Similarly, at 77 = 0 and 'ip = tt, we get the self-dual equation. 


F„-=0. (3.9) 

However, there is no U{1) instantons in 4-dimensions, so there is no localized non¬ 
trivial solutions. 

•Boundary mode (discrete zero modes) of the gauge field 

Apart from the zero mode in (3.4) and (3.5), the AdS 2 , which is a non-compact space, 
forces us to consider so called boundary modes of gauge fields [44]. 


= 


sinh 77 


yP2n\r\ [1 + cosh77_ 


jw 


I = ±1,±2,±3, 


(3.10) 
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These modes are not actually the “localizing saddle points” in the sense of Q invariant 
BPS states as it is obvious that 7 ^ 0 for those modes. However, these are the zero 


modes making the localization action as well as the original action vanish since the 
hied strength is zero. Yet, these are not pure gauge modes as the parameters are 
not normalizable. These modes do not vanish at the boundary of the AdS 2 , but they 
are still normalizable. Thus the integration over theses boundary modes should be 
taken into account for the partition function. Although it will be inhnite product of 
integrations, the regularized result is well understood [ 21 ]. 

4 1-loop partition function 

In this section, we compute the 1-loop partition function by computing equivariant 
index. For this, we introduce BRST symmetry to hx the gauge and combine it with 
the localization supercharge. Through out this section, we assume the ordinary path 
integration measure. The correct measure will be taken into account in the next 
section. 

4.1 BRST and combined cohomology 

• Cohomological variables and supersymmetry complex; It is useful to present 
the supersymmetry in the cohomological form by changing the variables. Our fermionic 
variables are reorganized as 


>I>' = SX' = -6A" + 6A'', 

't; = Q(v,' = -f.7„A"-ej7„A". 

^lij ^ . 


(4.1) 


Then the inverse relation is 


= 4 cosh(r/) A*^ . (4.2) 


In terms of these variable, the supersymmetry transformations are 


QXi = , Q¥ = , 

QK = K^ = + , Ql>" = 0, (4.3) 

Q^Iij = Qlij ^ Q^Iij ^ _ 


Here contains the degree of freedom Xf as in (2.37), and contains the degree 
of freedom as 
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Note that all the bosonic variables are organized into , ‘h'^) and all the 

fermionic variables are into And the acts as 

= Cy + Gauge(<|)). (4.5) 

In general, Q could act as Q? = Cy + Gauge($) + Lorentz(Z/aft) + Ru(i){Q) + 
-Rsc/(2)(0*j)- However, we note from (2.37) that Lab = 0 = 0*j = 0. 


• BRST complex; To treat the gauge hxing of the Yang-Mills gauge 

symmetry, we introduce the ghost helds and use BRST quantization. The BRST 
complex is 

QBWl = d,c^, Qbc^ = 0, 

Qbc^ = , QbB^ = 0, (4.6) 

QbA'" = QbA'" = QbX^ = QbX^ = QbY^ = 0. 

Here the and B^ are the ghost, anti-ghost and the standard Lagrange multiplier, 
so that the gauge hxing is performed by adding the terms, Cgf = iB^V+ 
c'^Dc'^. We assign the length dimension of the BRST operator [Qb] = —so the 
length dimension for the ghost multiple is set by 


[CJ = -2 


C = 


\B] = -1, 


(4.7) 


Note that the AdS 2 x S^ space does not have normalizable zero mode of and 

BK The boundary condition of the path integral does not allow the non-normalizable 
modes, so we do not need special treatment for freezing out these kind of zero modes. 
This differs from the case of S'^ space. We refer to [26] as the S^ example where there 
are constant zero modes so the additional constant helds are introduced to freeze out 
those modes. 

The gauge hxing Lagrangian is Q^-exact, so 


= Qb 




(4.8) 


where we put constants factors £ ^ and £ ^ to set the length dimension —4 for the 
Lagrangian. 


•Combined complex; Since the gauge hxing Lagrangian (4.8) is not Q invariant, 
we need to consider new complex and modify the gauge hxing Lagrangian. Gombin- 
ing the BRST symmetry with supersymmetry, we make the combined complex. For 
this we dehne the supersymmetry for the ghost 

Qc^ = -< 1 ^ , = 0 , 

QB^ = Cyc ^, Qc" = 0, (4.9) 
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and we introduce the combined operator Q := Q + Qb- Then we get the following 
combined Q-complex, 


, 

Q% = C.Wl + 

QX^ = , 

q¥ = c,xi, 

Qc^ = , 

Ql>^ = -£,c^ 

QB^ = , 

Qc^ = B\ 

QHW = ^ 

QB^^^ = . 


(4.10) 


In fact supersymmetry transformation for ghost (4.9) was dehned such that the 
acts as 

H. (4.11) 

All the bosonic and fermionic variables are organized as 


X := {X^ , W ;,), QX = (QX|, SIT/), 

H ;= , cO , QH = , Qc^ , Qc ^). (4.12) 


We now use Q-exact gauge hxing term, 

= Q{ir^c^X . 

This is equivalent to the (4.8) as 

‘^CF = £gf - - (Xc'C„c'. 


(4.13) 


(4.14) 


and the terms, —and — |c'^£„c^, do not contribute to the determinant. It 
is because c can be connected only to c but there are no vertices in those extra terms 
containing c. 

Now, the physical action is Q invariant since it is invariant under the Q and Qb 
symmetry. Also the gauge hxing Lagrangian is Q invariant. For the supersymmetric 
localization, we now deform the physical action by adding the following Q exact 
terms. 


QV=Q 






(4.15) 


Since = QA*^ and , the localization equation obtained from (3.2) 

will not be changed. To express it in terms of the set of the cohomological variables 
in (4.12), we use the inverse relation (4.2). Then we hnd. 


QV=Q 


(4 coshr^)" 


(4.16) 
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where explicitly, we note that 


qf = QX2 = QX2, ^1^= QW^ = QW^-d^c, (4.17) 


and their conjugation are given by 
(Q^)t = 

= C,wl + d^[-v^Wl + 4^cosh(r/)X^ - 4cos(V')X2"] (4.18) 

= C,Wl - 2d, {v'^Wl + Acos^pXi) + d, (Qc^) , 

(g5/P)t = _^e,ue^ii^^C_^^e^d,Xi + i{ike + M'')yi 

-e^ue.i + \iX^T,,) + + |*X^f,,)] 


^ik^jl 


Q^kl _ ^^{k(j_^a^l)d^xi 


-^l‘C_7“‘?''(2F.y - iA'2'ni) -fl‘C_7“y'>(2F„y + \X!,T^i)] . 


4.2 Index and 1-loop determinant 

To evaluate the 1-loop determinant, We formally write the quadratic terms of the 
localization Lagrangian, in terms of the new variable set (4.12), as 


QV 


Q 


(QX',S') 


f Dqq iloi\ 

\-Dio Dll) 



(4.19) 


Here, we denoted (X', QX', S', QE!) to exclude the zero modes, yet X' is to include 
the boundary modes of the gauge held (3.10)^. 

Among the huctuation modes of X' and S', some of them can be annihilated by 
= H. Let us classify the set of the path integration variable into two parts. 


X" = {X'|i7X' ^ 0} , S" = {S'liLS' ^ 0} , 

X'° = {X\HX = 0} , S'O = {S'liLS' = 0} . 


Then, since H commutes with Q and Dij, the terms in the localization Lagrangian 
can be separated as 

QV = (X' , QS")K« ( j + (X'», QS«)K'<> ( J 
+ {QX',s'')K'i + ( qx '». s '») a 7 . 

Although the boundary gauge modes are zero modes, the corresponding fermion modes in QK' 
are not zero modes. It is known that there is no such infinite set of fermionic zero modes [22]. 
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where the kinetic operators of bosons and fermions, Ki, and Kf, are divided as 


^ f-H 0 \ [Doo DoA (Dl, DJA (H 0 \ ^ / 0 \ 

^ Aoi^nAoiA ^ \D,,D^, + DlJ^ 

^ A 0 \ (Dl, DJA _ [Doo AoA A 0 \ ' 

^ vo-AWi^rJ UioAuAoA’ ^ V-^10 oA 


Note that the determinant of K'^ and K'j^ cancels with each other since Diq is non 
degenerate for the corresponding modes. Also note that 


1 0 
0 -H 


K'' 


K'l 



(4.23) 


So the 1-loop determinant is given, np to a sign, by 

^ _ /'def'K'lY^ _ /detQ^.hry/' _ /deW^hTy^' 

i-ioop- Aet'i^J “ Aet"A:A “ {detQ^.Hj ~ [det^. H) ’ 

(4.24) 

where the last equality is due to that Q commutes with H. 

The 1-loop determinant expressed in (4.24) is encoded in the following quantity. 


Trx-e*^ - Trs»e*^ , (4.25) 

which will be expressed as a formal Laurent series in U{1) representation, i.e. 
Calculating this, we can read off the eigenvalues and the degeneracies and then obtain 
the ratio of the determinant as 

n “ n 

To compute the (4.25), it is convenient to express the trace as the summation 
over the complete set of basis. Firstly, we freely add the trace over X'° and Their 
contributions cancel each other since operator Diq maps the helds X to the dual of 
the helds S and it is non-degenerate for those mode. Secondly, we add and subtract 
possible zero mode contributions in X and S. Then the (4.27) becomes 


Trxe*^ - Trse^-^ -N^ + nA 


(4.27) 


Since (4.25) does not give t-independent constant, (4.27) does not either. It will turn 
out that the number should vanish as the hrst two term will not produce 

f-independent constant later in (4.49). As we have a single zero mode (3.5) in X, i.e. 

= 1, we have a single fermion zero mode in S, i.e. = 1 ^ 

®In case of another analytic continuation (2.20), we would get = N~ = 0. 

®The fermion mode should appear in pair, and the other fermion zero mode is in QX. 
One can easily see that the explicit solution is cos V'/cosh r;,'I'g = —-d/coshri,'^/^ = 

—i?sin^ tp/ cosh? 7 ,5',, = = 0 with the grassman parameter i!}. 
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Now, what we need to compute remains the f/(l)-equivariant index of Diq, 


Trxe*^ - Trse‘^ = Tr^erDioe*^ - ■= indDio- (4.28) 


To see this, note that the Diq maps the eigenmode of H on the bundle X to the 
eigen mode with the same eigenvalues on the S, unless these modes are in kernel or 
cokernel of the operator Diq. 

To compute the index, (4.28), we will hrst show that the operator Dio is transver- 
sally elliptic with respect to the U{1) action generated by H, i.e. elliptic in all direc¬ 
tions transversal to the TT-orbit. If the operator is transversally elliptic on compact 
manifold, it is guaranteed that each subspace with the same eigenvalue of H in ker- 
nal and cokernel is hnite dimensional [48, 49]. We will assume that it still holds for 
the AdS 2 xS^ and we will compute the index (4.28) using Atiyah-Bott hxed point 
formula. 

To show the transversally ellipticity, we compute the symbol of the operator Diq. 
The Dio appears as SDiqX in the expression of V in (4.19). We take the relevant 
terms. 


1 

(4 cosh 77)2 






(4.29) 


and use the explicit expression in (4.18) with neglecting Qc^ and QSW as they are 
not relevant for the operator Dio- To explicitly write the symbol of Dio operator, 
denoted as ct(Z1io), we consider only the highest derivative terms and replace by 
It is convenient to introduce orthonormal four unit vector helds as. 


i(a“)d07''r = 2 Y cosh (r/) - cos2(7 /^) , ct“ : Pauli’ sigma , a = 1, 2,3 , 

= 2y^cosh^(77) — cos‘^{'ip) M4 . 

In particular, 

Cy = = A\J cosh^(r7) — cos^{'ip) = 4-^/cosh^(77) — cos^{'ip) ipi. (4.31) 

We also define 

2a := ^|2{^(aa)/ = 

equivalently 

Then, the highest derivative terms of SHioX term are 


(4.32) 

(4.33) 


2ch‘^ 



T 

^ c^P4^ chyjPo -chrfP2 -c^Pi api \ 


/w/\ 

‘^2 


ch>qP^ C1PP4. chpjPx C1PP2 0!.p2 


Wi 

^3 


chYjP2 C1PP4. c^pp^ 


wi 



-\ch‘^Pi -\chlp2 -jC^ps -jch^p^ 0 


Wl 



\\ap^Pi \ap^p2 \ap^p^ (^{\paPa-P^P a) -cpp'^Pa) 


U 2 / 


(4.34) 
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where we denoted 


= cos{ifj ), = sin('?/^), ch^i = cosh(r 7 ), = sinh(? 7 ), a = y . 

(4.35) 

The matrix a{DiQ) can be block diagonalized by suitable change of variables within 
X and S. By changing 


—>■ ^chrj - 




ch 

l_a_ 
2 chr 


2 5 
Pi , 


^2 ^ I-Wi + , 

^ + (1 - 


1 PAPA \ „I 

2 c/i 2 p“p„ / ’ 


we get 


cr(^io) 


1 


^ C^Pi chr^Pz -chr^P2 -ch^Pl 

-chr,p3 c^pi chjjpi -ch^p2 

chrjP2 -ch^Pi c^Pa -chjjPz 

-chrfPi -chnP2 -chrjPz -c^Pa 
\ 0 0 0 0 


0 \ 
0 
0 
0 

-ch^P^Pa) 


(4.36) 


(4.37) 


Nontrivial contribution to the index arises from the upper-left 4x4 block of the 
matrix in the middle, 


/ C^Pi Chr^pz -chrjP2 -ch^Pl^ 
-ch^Pz c^Pa chrjPi -chnP2 
chrjP2 -chnPl C^Pa -chr^Pz 
\-chr^Pl -ch^P2 -chrjPZ -C^Pa / 


(4.38) 


We note that the above matrix is not invertible at the equator cos i/j = 0 of the 
S^. This is because aa^ = {cosh^ p{pl + pi + pi) + cos^-^pD ' I cind is zero for 
Pi = P 2 = Ps = 0 and p 4 7 ^ 0. However, if we restrict the momentum to be 
orthogonal to the Killing vector v^, then a is invertible as long as (pi ,P 2 ,Pz) are 
not all zero. Therefore the operator Diq is transversally elliptic with respect to the 
symmetry . 

Now, we use the Atiyah-Bott hxed point formula to compute the equivariant 
index (4.28). The Atiyah-Bott formula is reviewed in the appendix E and the formula 
is give by 


ind(T>io) 


Trx(7) - Trs(7) 

^ det(l — df{x)/dx) ’ 


A = {x\f{x) = x} , 


(4.39) 


where the 7 is the transformation of the section induced by the f{x). The formula 
reduces the trace of the operator into the summation over the fixed point of the 
operator H. In our case, there are two fixed points. One is the north pole of the 
together with the origin of the AdS 2 and the other is the south pole of the together 
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with the origin of the AdS 2 . Near the hxed points the space is locally m 2 X m 2 so 
it is parametrized by the orthonormal coordinate x^), where the {x ^, x"^) 

are the local coordinate on the AdS 2 and , x^) are the local coordinate on the S 2 . 
Let us dehne the complexihed coordinates 


:= x^ + fx 2 , 2;2 ^3 ^ north pole , 

:= x^ + fx 2 , tc 2 ;= , at south pole . 

Under the operator they transform as 

:= qz^ , 2:2 ^ 

—)■ := qw ^, —>■ := quP'. 


(4.40) 


(4.41) 


Note here that the operator H generates as the L — J rotation, where L and J are the 
rotation on the AdS 2 and S2. So the the coordinate z^ rotates in the opposite way 
to the z^. Also, the coordinate w'^ rotates the opposite again to the z"^ coordinate as 
it is the coordinate at the south pole of the S 2 . 

Let us consider how the helds transform. The nontrivial part is for One can 
explicitly see from (4.34) that the fermions (Si, S 2 , S 3 ) defined in (4.33) are dual of 
self-dual held at the north pole and the dual of anti-self-dual held at south pole such 
that they are contracted with , Fi . Fi) and (Fi 4 ) -^13) -^ 12 ) respectively^. In 
terms of the complexihed coordinates, the self-dual and anti-self-dual held strength 
have the following basis, 

~ dz^ A d^^ -f d2;2 A d^2 ^ F{~2 ~ dtc^ A dtc^ — dtc2 A dtD2 , 

Fi^ ~ d^^ A d2;2 -j- dz^ A d^2 ^ F{'^ ~ dtc^ A dtc2 -|- dtc^ A dt<;2 , (4.42) 

Fi 4 ~ d^^ A d2;2 — dz^ A d^2 ^ ^ /\ (^ 1^2 _ ^^^2 _ 


By the dehnition (4.33), we see that the fermions (S^^, S 22 ^ 2 ^ 2 ^ have the following 
basis at north pole. 


d d „22 9 9 

dz^ ^ dz‘^ ’ dz^ ^ 9^2 ’ 


d d d d 
dz^ ^ dF dz'^ ^ ( 9^2 ’ 


(4.43) 


and at the south pole. 


d d _22 9 d 

dw^ dw"^ ’ dw^ dw‘^ ’ 


— A — 
dw^ dw^ 


d d 
dw'^ dw'^ 


(4.44) 


^In the case we choose another Killing spinor which squares to L + J, we get opposite trans¬ 
formation rule for the F' and But now (Si ,S 2 , 23 ) are dual of (APj ) Fs ,^ 2 ) North pole 
and (F {4 jFjij jF^) at South pole respectively, so we get same transformation rule as in (4.45) and 
(4.46), giving the same result (4.49). Notice that in the S'^ computation, for the similar killing 
spinor which squares to L + J, the fields (Si , S 2 , S 3 ) are dual of , Fj^) at North pole and 

(Fj^ , F^^ IF^) South pole respectively. This is the main difference of the index computation in 
and AdS 2 X S^. 


22 











We now spell the transformation of fields at the fixed points. At the north pole, 


7[X2] = 1, 7[W,.] = q, 7[W,.] = q, 7[W,^] = q, 7[W,2] = q, (4.45) 

7[Sii] = q-^q-^ = 1, 7[S^1 = = 1, 7[S'1 = 1, 7[c] = 1, 7[c] = 1 • 

and similarly we get at the south pole 

7[X2] = 1, 7[W^i] = g, 7[W^i]=g, y[W^,] = g, ^[W^,]=q^ (4.46) 

7[Hi^]=g-'g-' = l, 7[H^1=rt-' = l, 7[S'1 = 1, = 1, 7[c] = 1 • 


Applying the fixed point formula (4.39) and using the (4.41), (4.45) and (4.46) , 
we obtain the following result for each vector multiplet. 


indHio = 


2q 

.(l-g)l 


+ 


2 g 

.(1-9) 



(4.47) 


The first term is from origin of AdS 2 and north pole of and the second term is 
from origin of AdS 2 and south pole of S^. One obtains the degeneracies of eigen 
values of H by expanding this expression in power series of q. Here we follow the 
way of expansion as was done in [26, 49]. The result for the determinant is in fact 
independent on the way of expansions for the index. By expanding 


1 



+ 




n =0 


(4.48) 


we hnally arrive at 

OO 

indT)io= ^ |2n|g”. (4.49) 

n=—OO 


From the result (4.49), we read off the 1-loop partition function for n^ + 1 vector 
multiplets, 

l(n„+l) OO 

=n 

n=\ 

Using the (^-function regularization, 



V _ 

^ l—loop 


det iF/ 
det iFfe 


\ogZi_ioop = -{n^ + 1) ^(2n) log£"^ = — log^- 

n=l 


(4.51) 


For given radius £, we get the exact 1-loop partition function. However, we note that 
this radius £ is not the physical radius because it can be chosen to be an arbitrary 
constant value as the choice of H-gauge hxing. In the next section, we will show that, 
by appropriate integration measure, the 1-loop partition function is independent of 
the gauge choice and depends on the radius of the physical AdS 2 X metric. 
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5 Integration measure 


In the previous section, we assumed that the integration measure is trivial. As a 
result, the one-loop partition function is not independent of the choice of D-gauge. 
This implies that the trivial path integration measure is not scale invariant. In this 
section, we will properly dehne the path integration measure and show that the result 
of the 1-loop partition function is indeed gauge invariant. Further, the result depends 
on the solutions of localization equations through the radius of the physical AdS 2 xS^ 
metric. To dehne the measure we use the ultra locality arguments [40, 41], as well 
as the condition that the result should be in terms of the physical quantities. 

Let us consider the kinetic terms in the action. 


f di*V9 (S,A''8„A'V" + . 

(5.1) 

The metric is not a physical metric (it has dilatation weight -2) and is related to 
physical metric G^i, which is the metric in Einstein frame by redehnition, 

= g^,ue ~^, = ^. (5.2) 

Note that the radius of the AdS 2 X metric g^^, is hxed to the constant i and the 
physical radius ip is not hxed but depends on the scalars, i.e. ip = ip{X , X) as the 
Kahler potential K is the function of the scalars. In terms of the physical metric, we 
get standard Einstein-Hilbert action, and the kinetic term of the vector multiplets 
helds are 


dx^VGNjj 




+■ 


(5.3) 

Looking at the factors in front of the each kinetic term, the dehnition of the norm 
for each held is dehned as 


||5X|p:= 
||51F|r: = 
||5A|r:= 
||5X|p: = 


J d^x^/Ge^Njj5X^5X^ = J d^x,/^filNij6X^6X-^ , 

j d^xVGNjj6Wl6W;^G>^’^ = j d^x^oil>NijSW;,6W;Jgi;\ (5.4) 

I d^xVGe"^^Nij{SXi5\^^+5\iSy^) = j d^x^iHpNij{5Xl5X^^+6XlSy^), 
- [ d^xVGe^^Njj6Y/.6Y-^^^ = - [ d^x^oi^XjjdYXdY-^^^ , 


where we denote go^j,i, as AdS 2 xS^ metric with unit radius. By following the normal¬ 
ization conditions. 


1 


j FXFXe-ll‘^^11' 




j FAFAe-ll'^^ll' 


(5.5) 
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the integration measure is determined as 


VXVX = JJdX^(x)dX^(a:) det(4£2iV/j), 

X,I 

vw = n AWl(x)^jAetilN,j, 

W= JJ dY/j{x) det e^Nij , (5.6) 

VX{x)VX{x) = JJ dA^*(a:)dP(x) det{lptNij)-^. 

x,I,i 

Similarly, we determine the measure for the ghost multiplet by looking at the gauge 
hxing action in Einstein frame, 

j dx'^y/^ii-Hc^ngc^ + (5.7) 

= J dx^VG[e^i-Hc^nGC^ + + ■■■]• 

The dehnition of norm®. 


||c||^ := J d^x'/Ge^i = J d!^x^/g^(?pic^c'^ 

\\6B\\^ := [ d^xVGe^^r^6B^6B-^ = [ d^x,/^fSB^SB^ 


and the normalization condition, 

1 = j T>cT>ce-ll"ll' = j , 

determine the integration measure for the ghost multiplets 

VcDc = Y\^c\x)dc\x){££j :,)~^, 

X,I 

VB = YldB\x)£. 

X,I 


( 5 . 8 ) 


( 5 . 9 ) 


( 5 . 10 ) 


The measure (5.6) and (5.11) will give the result in terms of the physical quantities. 
One can consistently see that the 1-loop determinant for each kinetic operator for 
each held will be given in terms of det Dg and det $g > not in terms of det Dg and 
det $g. It seems that a naive counting of the scale factor and radius factor, £ and £p, 
bosonic measure and fermionic measure seems to be completely canceled. However, 
they are inhnite product. The regularized number of those factors should not be 

®We do not need Njj because the gauge fixing action is chosen as (4.13). 
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canceled each other and shonld cancel the scale factor appears in the 1-loop partition 
function (4.50) such that the result should be only in terms of the physical radius 
ip. 

Let us reconsider the computation of the 1-loop partition function. By the su¬ 
persymmetric localization, the measure depends only on the saddle point value, i.e. 
ip = ip[C), where C parametrizes all saddle point of the scalar in the vector multi- 
plets. We now redehne the cohomological variables by following held redehnition, 

X = (X 2 , W^) := {X2iip{C ), W^ip{C)) , 

S = (S*^c,5) := {E^H^/Hp{Cy/\ci^/^ip{Cf/\ci^/^ip{Cy/^). (5.11) 

We also redehne the Q operator 

Q ;=£V2£-l/2^(5)g_ (512) 

Since the ip{C) is function of the saddle points, Q does not act on the ip{C). Using 
this operator we dehne the other primed cohomological variables, 

QX := (^ , §^) = {me/^ip{Cf/^ , ^^i^/^ip{Cf /^), 

QS := (E*^', -I), E) = , -Mip{C ), Bi). (5.13) 


In terms of these new variables and new supercharge, X, QS , QX , S, we rewrite 
the localization lagrangian as in (4.19), 


y/gQV = 



fDoo Doi\ [t'Y 

[D.oDnJ \QYj\ ’ 


(5.14) 


where the Dij are properly dehned by multiplying diagonal matrices whose elements 
are composed of i and ip. We can follow the same analysis as below the (4.19) and 
arrive at computing the U{1) equivariant index 

indDio = Tr^e*^ - Tree^-^^ . (5.15) 

Here H := so the H and H are related by 

H:=—^H. (5.16) 

ipiC) 

Therefore, the q factor dehned in (4.41) is now replaced by 

q = e-^tiep^ (5.17) 


and we get the 1-loop partition function in terms of scale invariant length 

—2n(n^,^-l) 


^1—loop 


n 


=1 Vp{C) 


= exp 


Uy + 1 


log(£p((7)) 


(5.18) 
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6 Conclusion and Discussion 


In this paper, we considered the + 1 A/" = 2 vector multiplets on the AdS 2 xS^ 
background and used the supersymmetric localization to compute their exact contri¬ 
bution to the quantum entropy function. We obtained the localization saddle point 
and computed the exact 1-loop partition function. In order to express the result in 
terms of physical radius of the AdS 2 xS^, we proposed the scale invariant functional 
integration measure using the ultra locality argument. Collecting the result (5.18) 
and the zero mode integral measure with the scale factors in (5.6) or with the rede- 
hned helds as in (5.11), the functional integration of the quantum entropy function 
reduced to the following hnite dimensional integration. 


, n„ + l 


W= JJ JJdW/'dXfdX™dA™dA™Zi_ioope®’'=" 
1=1 1^0 

„n„+l ^ 


= / dCidC^drd^^ (^p(C'))"® 


(n„ + l) ^Sr 


(6.1) 


Here, the Sren is the classical action on the localization manifold with the IR diver¬ 
gence removed. Since there is one zero mode for X 2 , a pair of fermion zero mode 
appears as is argued in (4.27). The 'd,'d parametrize the fermion zero mode. The 
measure of each held has its own power of ip. Particularly, the inhnite product of 
the boundary gauge modes integral gives us the regularized number of power, ip^ 
[21]. Adding all the factors from measure and the 1-loop partition function, we result 
in the factor for each vector multiplet. 

The result explains the one of the key assumptions along the line to compute 
the exact quantum black hole entropy [36, 37, 39], where the classical measure was 
properly assumed in order to reproduce the result from the microstate counting. We 
derived the contribution to the measure from the vector multiplets. Once computing 
all the 1-loop determinant for the hyper multiplets, gravitini multiplets and Weyl 
multiplet, one will be able to derive the measure for the A/" = 8 supergravity (see 
the complementary work [42]). A slight difference from [36, 37, 39] though is that 
we get additional integration dC'^d'd^dm. If we chose the different choice of analytic 
continuation (2.20), the additional integration would not be appear. It is the artifact 
of the different choice of analytic continuation. To be consistent, we expect that the 
fermion integration d'd'^dm will cancel the contribution from the integration of dC^. 
While we left the explicit computation, one can see a consistency that the the ip 
factor coming from the fermion zero mode cancels the power of ip from the X 2 zero 
mode. 

The 1-loop determinant is scale invariant and depends on the physical metric. 
It is remarkable that although we are considering abelian vector multiplets, the 1- 
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loop result depends on the continuous parameters of localizing solutions through 
the physical metric. It is due to the proposed functional integral measure based on 
the fact that the measure should be scale invariant and the results in the one-loop 
determinant being dependent only on the physical quantities. In fact, not only for 
the scale symmetry but also for supersymmetry, the measure should be invariant for 
the purpose of the localization. We were not able to show this and assumed that 
supersymmetric invariance is satished. 

Our result for the one-loop partition function matches with the on-shell compu¬ 
tation of the logarithmic correction in M = 2 black hole entropy [45]. In the on-shell 
computation the contribution of each vector multiplet to the logarithmic correction is 
— jk inAu where Ah = dvrfp is the area of horizon. It is consistent that our measure 
factor reproduces this logarithmic correction obtained from the on-shell 

computation. The integration over C will not give further logarithmic correction as 
in [37]. 

For completing the story for the exact computation of the black hole entropy, we 
still have many open problems to solve. We have to incorporate the quantum fluc¬ 
tuation of all other multiplets, particularly Weyl multiplets. In particular, including 
the hypermultiplets would be one of the tricky issues since there is no off-shell formu¬ 
lation of the hypermultiplets with hnite number of auxiliary helds in supergravity, 
but it should be very important to treat the general M = 2 super gravities because 
the hypermultiplets should be incorporated to complete the off-shell conformal su¬ 
pergravity as a compensating multiplets. It will also help to have complete analysis 
of localization for the Weyl multiplets as mentioned in [39]. Furthermore, one needs 
to also consider gravitini multiplets. It is particularly necessary for theories with 
higher supersymmetries like A/" = 4 or W = 8. Here, we may have to understand 
similar issues that was appeared in our work on vector multiplets. For example, we 
may need to specify the analytic continuations of all the fields, properly treat the 
gauge hxing of all the gauge symmetries in the conformal supergravity and should 
properly define the gauge invariant functional measure for the path integral. We left 
these exercises for the future work. 
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A Gamma matrices and spinors 

Our convention of gamma matrices and the reality properties follows the paper, [46] . 
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A.l (1,3) dimensions 

In Minkowskian four dimensions, there are two choices, C± and B±, such that 


= -A'jaA T A = 7o , At = ^ 1 = = _A, 

Xl = , Cl = , 

7: = ±il±7ai?T, Bl = CiA-y Bi = Bz\ 

BIB± = ±1. 


(A.l) 

Two representations are related by 

Chirality operator 


75 = T 0123 • 

(A.2) 

Useful relations 


(C±7l...n)^ = -(-)"("-')/'(T)"C*±7l...n. 

(A.3) 

(C^±75)^ = -^^±75- 

(A.4) 


The choice of C+ and -8+ allows us to set Majorana spinor, dehned as 

A = 'ip'^C+ , (A.5) 

or equivalently, 

r = B+'iP, (A.6) 

whereas, for the choice of C_ and il_, the symplectic Majorana spinors can be 
dehned®, 

(AT = , 612 = = 1. (A.7) 

These spinors are not compatible with Weyl representation, such that under the 
chiral decompsition, 

(^P^y = B+^p^, (A.8) 

(AT* = -te^,B_\^ . (A.9) 

Two chirally projected Majorana spinors 'i/'± symplectic Majorana spinors A!j_ can 
be related by 

-0+ = AT -00 = ieijXP . (A. 10) 


®In general, —ieij niay be replaced by arbitrary antisymmetric matrix satisfying il*il = —1. 



A.2 (0,4) dimensions 

In Euclidean four dimensions we also have two choices such that, 


= A-iaA ^ A = 1, 


(A.ll) 


Since all gamma matrices are hermitian, the complex conjugation and the transpose 
are same. 

Chirality operator 


df — ~71234- (A. 12) 

For two choices of i?_|_ and i?_, only symplectic Majorana-Weyl spinors can be dehned. 


{py =-ie,,B^p>, (A.13) 

and compatible with Weyl condition, 

(py* =• (A.14) 


A.3 Fierz identities 


It is useful to note the following gamma matrix algebra. 


mm[m,n\ 


7am---IIl7 


bl‘“bn _ 


1=0 


E «(T 


[bi + i-bn^ ^ 7] 


In particular for 75 = * 70123 , 


I K — ‘(4_n)C bi-n—bA 1 


757 


1 ^,bA — n."'bA 

~ ‘ (4-n)! ’ 


^bi-n—bi 


dn ■ ■ '0-1 


For example 


7“75 = 

^aia2^^ ^ 

^Qj\Qj‘20j^ ^ ^ f^^Oj^(l’2(l\b 

'Jabcd'yb '^^abcd ■ 


ai] 


-0123 _ 


= 1 . 


(A.15) 


(A.16) 


(A.17) 

(A.18) 


Gamma matrices form a complete basis so it is followed by the Fierz arrangement, 
Ca'iCsp = 4 X]n =0 7T(C'7a„'"aa)(57(C7'^^ °'^)aP , 

{CPy^,{CPysp = \{cpyycpy^p + \{C^baP±y{Cr'^P±U > (A.19) 

{Cpy^^ypysp = \{C^aP±)5-y{C^‘^Pyo.fi , 


where C can be either C+ or C_ in (A.l). 

For example, with bosonic fermions and X± with positive or negative chirali¬ 

ties. 


V±{^±CX±) = ^{^±Cp±)X± + |(^±C'7bah±)7“'’A± , 

V±{yP‘y) = |(^T^7a7±)7'^-^T • 
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A.4 Minkowskian theory to Euclidean theory for J\f = 2 

While the Minkowskian space allows the Majorana representation, the Euclidean 
theory does not. They have different properties under the complex conjugation. So 
in order to relate Minkowskian and Euclidean theory, we have to hide the complex 
conjugate operation. We change the Dirac conjugation of spinors, "0 := into 

the charge conjugation '0^C_75 using the Majorana relation given in (A.5) and the 
relation between and C_ in (A.l). Now, since the same can be used both 
Minkowskian and Euclidean spacetime, as in (A.l) and (A.11), Euclideanization is 
straightforward. 

In the case of W = 2 theory, it is convenient to use the symplectic Majorana 
spinor representation because it is allowed both in Minkowskian and Euclidean the¬ 
ory. Using the relation (A. 10), we can redefine spinor fields to satisfy the symplectic 
Majorana condition. After bidding the f operation in the theory using the symm- 
plectic Majorana conjugate, one cannot distinguish whether it is Minkowskian or 
Euclidean theory and we are free to move by analytic continuation t = —i6. 

Tensor density that can be used in self or anti- selfdual equation should also be 
modified. ^ 

(A.21) 




^liuXp 


7123 




= 1 . 


In Euclidean space t = —i6 


■.= %- 




'^9 


^0123 _ 


(A.22) 


In both of Minkowskian and Euclidean space, the self or anti-selfdual condition is 
written in terms of the tensor density, in (A.21) and (A.22), 


rppv± _ ^ 1 

where are self and anti-selfdual tensor respectively. 


(A.23) 


B Superconformal calculus for = 4 and J\f = 2 SUGRA 

We review the superconformal calculus for 4 = 4 and M = 2 off-shell supergra- 
tives. We refer the reader to [47] for detailed review, and to [33-35] for the original 
development. 

B.l Weyl multiplet 

The first step is to construct superconformal gauge theory by promoting all the 
M = 2 superconformal generator as local symmetries. By all the local superconformal 
transformation, the covariant derivative is defined as 

D,~d,-J2HK{T)) (B.l) 

T 
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where the sum is for all superconformal generators except the translation generator[46] 
and the 6 is gauge transformation with the gauge held, h^{T), as parameter. Later, 
we will introduce as a covariant derivative with respect to M, D, A,V. The 
gauge helds h^{T) and the symmetry parameters for each symmetry generators are 
contained in the table 1 , and the table 2 shows the charges of the gauge held and 
supersymmetry parameters. 


generator T 

pa 

Mah 

D 

Ra 

Q' 


(VaY, 

A 

Connection h^(T) 

Cl ^ 

. .ab 


fa 

J (1 


-(A 

-IV, 

-iAf, 

parameter 


^ab 

Ad 

\a 

A 

7]^ 

Av"j 

Aa 


Table 1. Table of superconformal gauge fields and transformation parameters 



iji A^ TJ, X* D 


e* rj^ 

u 

-1 0 0 0 1 1 0 

0 1 i 

1 1 

2 2 

c 

0 0 0 0 -1 0 

1 

0 

0 

1 1 

2 2 

75 

+ + 

— 

+ 


Table 2. Weyl weight w, U{1)r weight c and fermion chirality with respect to 75 for each 
the Weyl multiplet component held and supersymmetry parameters. 


The contents of the Weyl multiplet is given by the following 24 + 24 oh-shell 
degrees of freedom, 

h A V L 

. ^11. 1 AAii. 1 yII. 'I 1 j- ^ 


where the 0 ;“^, /“ 


(B.2) 

^ are not included because they are not independent helds but 


composite helds in terms of others. The constrained relations are presented in (B.7). 
The helds T^l , x , T* are the auxiliary tensor, spinor and scalar helds, and the auxiliary 
tenor satishes antiselfdual condition 


T^ab = -^^abcdT^'^^^ , 6 °'"' = 1 , (B.3) 

whose complex conjugation gives selfdual tensor, 

= (T«)-. (B.4) 

Conventional notations are 

— T T — F ■ ■ F' 'F^^ — 2 

^ab -^abijF , ab ~ ^ 

7 ^ _ It^+p _ kT'~ 

-‘-abij 2-‘-ab‘^ij^ ^ ab 2'^afe^ ' 

The SU{2) gauge helds is anti-hermitian and traceless 

Vj + V;./ = 0, V/i = 0, where V/:= . (B. 6 ) 
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•Conventional constraints: 

In order to relate 5 0^;/^ with other fields, we impose the following constraints, 
RfiuiP) = 0 , 

YiRt^AQY + = 0 , := , (B.7) 

- iRf^aiA) + \TabijT"^b “ = 0 . 


Here, the modified field strengths are 

%u{QY = ‘2'Di^Yji] - 

Rf,u{A) = 2d[f,A^] - i + |^[^7HXi - h.c.) 

R/iuO^Yj ~ 

+ - 3V5f^7HXi - + 3^[w7hX*) (B.8 ) 

[^Y[^(l>u]k - ^i>[f,7u]Xk - 2i![f,kYl] + 3^/'[/.fc7HX^) 

R^AMT'^ = 2a[M< - 2cnp;n;^f - + {Yl^a^>u]^ + h.c.) 

- Y[^.7^]R''\Q)i + h.c. 

and the dual tensors are defined as. 




(B.9) 


Under the conventional constraints, (B.7), the composite fields are expressed in terms 
of Weyl multiplet. 





-i(2^^7'“V’i’ + + h.c.) 

- If'^T^Yb'ypYaj + l(TpaXY 
-\{D + \R)e,^ - \iR,a{A) + , 


(B.IO) 


where 

= .R(M)^/V|/=o, R = ^/e/. (B.ll) 


•The transformation law and the snperconformal algebra 


33 


Q — S — K— transformation rules for the Weyl multiplet fields are, 


+ h.c. 

- l'ya'ybT^^hii(^j - 7/.??* 

6bf, = + h-c. + 

5Af, = + h.c. 

5V^/j = 2ej(j)^^ - 3ej7/,x* + 2f|j^pf,^ - + 3e^x^^Xj - 


(B.12) 


-l5^j{2ek(j)^'" - Sekjf,x^ + 2r]k'ipf,’^ - 2e^0^fc + Se’^jf.Xk - 2r]^ii^k) 
6T^ =8e^^Rab{Qy^ 


6x' = -^XalblpT'^^'Rj + - liR{A)^^'yi^x''(^" 

+DA + 

6D = ^Ipxi + h.c., 

+ \txi,(y°'^Xi 

+?7m-R“^(Q)* - + h.c. + 2A^e^'’] 

^ 4 >y = -VpaA - llpTp'^Xi^j + i [(Ai7“e^')7aV'/.* - (Xj7“V)7ae*] .g 

+ |^(V)c/jCr'^'^7Me^ + *-R(A)cdcr='^7;,e* + 21)^7* + A^la^ 

= -piDpy - \eplpxi - 

+? 7 ^A>fe.R'’“(Q)i + + h.c. + V^A% . 

SUSY algebra 

['^q(^i)5 <^( 3 (^ 2 )] = + Sm{£) + ^/^(Ai^) + Ss{ri) + 5gauge 5 (B.14) 


where 


^‘“”>(0 := + 5 ^ ^ T (- 5 '‘/ v ( r )). 


(B.15) 


T 


The sum over T is for all superconformal transformation except the general coordi¬ 
nate transformation, and the parameters are^° 



(B.16) 


and the Sgauge in general includes additional abelian, non-abelian or central charge 
gauge transformations. 


[^ 5 ( 7 ), 5Q(e)] = 5m {-2rf(T^'^ei + h.c.) -F 5d {r]iA -F h.c.) -h 5a {irjiA + h.c.) 
+5v {-2f]Rj + 2fijA + 5pek - 5]f]ke’^) , 


(B.17) 


[^s(hi), ^s(h 2 )] = (A^) , with A^ = 72i7“hi + h.c.. (B.18) 


^°The sign convention for the Lorentz transformation is SM{£)^g‘^ = —£°^bGg’- 
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B.2 Vector multiplets 

Consider + 1 vector multiplet, restricting ourselves to the case of abelian gauge 
symmetries, 

(X’ , n', U-', y-'), / = 0,...,(B,19) 

Complex scalar , a vector gauge field , SU{2) triplet auxiliary scalars 

= Y,, = , (B.20) 

where := (Y/j)*. 






Y^ 

0 

u 

1 

3 

2 

0 

2 

c 

-1 

1 

2 

0 

0 

75 


+ 




Table 3. Weyl weight oj, U{ 1 )r weight c and fermion chirality with respect to 75 for each 
vector mnltiplet component held 


One linear combination of the abelian gauge symmetries corresponds to the 
gauged central charge transformation, and the corresponding held strength belongs 
to the graviphoton. Note that we must have at least one vector multiplet in the the¬ 
ory in order to make contact with M = 2 Poincare supergravity, because the Weyl 
multiplet does not account for the graviphoton. 

SUSY 

5x^ = ml 

5Vtl = 2lJ)X^ei -1- -h -h 2X^rii 

+ h.c. ^ ^ 

5Y,l = • 


= -2Y^ea[aD,]nl - 2Y^r/,a,,Uj + h.c. (B.22) 

Here the covariant held strength is 

K = U - + hx.), (b,23) 

which satishes the Bianchi identity 

iK,' - X-,' + |A''r„,y£« - = I • (B-24) 

where, 

Ay (B.25) 

The covariant derivatives are 

= dm' - bm' + . 

nml = {d, + lu^abr’^ - §6^ + (B.26) 

- ipx^m - • 
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and the SUSY transformation of them are 


5{DaXj) = e^DaVLl + l{eaaX')X^ - 

6iDaX^) = + l{txaX^W - . 

The algebra includes central charge gauge symmetry, 

9^ = 4£*Y2ieijX^ + h.c. 


(B.27) 


(B.28) 


Prepotential, F{X) is a holomorphic function, which is homogeneous of secon- 
degree, i.e.. 


F{\X) = X^F{X ), 


(B.29) 

for any complex parameter A. Some identities are 



F{X) = lFjX^, Fi = FjjX\ 

FijkX^ = ^. 

(B.30) 

Kahler potential 

K = i{FiX^ - FjX^) = NijX^X^ 

(B.31) 

Metric 

Nu = didjK = -t{Fij - Fjj) ^ 

= 2ImF/j. 

(B.32) 


Lagrangian(Bosonic): 

e-^C ~ [iFiX^ilR -D)+ tVf^FjVi^X^ 

+ ¥FjjiF-,^ - lXXie^,)iF-/ - 

-l^FijYX-^^^ - + h.c. 

(B.33) 

Conventional gauge hxing conditions: 


/7-gauge: = 0 , 

D-gauge: - i^Fi - FjX^) = 1, 

U(l)-gauge: X^ = XF 


(B.34) 


B.3 Chiral notation 

In the Minkowskian M = 2 supereravities, we adopt the so-called chiral notation, 
which is to keep track of spinor chiralities through writing the SU{2)r index as an 
upper or lower index. For instance, consider two Majorana spinors, ip'^. The chiral 
projection of them are 

:= ^(1 + X5W , • (B.35) 

Depending on the spinor an upper index might be associated with left or with right 
chirality. The assignments are listed in various tables 1, 2, 3. This chiral decompo¬ 
sition is not compatible with Majorana condition as we also see in (A.l), 

(Tj)* = S+T*, or equivalently = 4/*C+ . (B.36) 
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Since we can take i?_|_ = 1, the complex conjngation can be thonght as raising and 
lowering the SU{2)ji indices. 

Dirac conjugation is dehned as 



T* ;= (Ti)U = ¥C+ . 

(B.37) 

Note that 

TSs = , ^i75 = , 

(B.38) 

which is followed by 

'^i7ai .a„4^2 = 0) for odd n 

= 0 , for even n . 

(B.39) 

We have further useful relations. 




(B.40) 

Clh.,.. 


(B.41) 

C Bispinors 




We presents explicit values of some bispinors, which are useful for detailed calcula¬ 
tion. 


= -162(1 COS-0 cosh//) , 

= ^ab67“^^^ = 162sinV>sinhr7, 

= 162(-1 + cos cosh 77 ) , (C.l) 

= fabl 2 r^i^ = - 162 sin 2 /^sinhr/. 

To obtain (4.34), we note that 

+ 07”"T)^mn = -ScosV'T’u - 8 cosh 77 F 23 , 

+ 07"T)^-n = 8 coshr^Fia - 8 cos^jF^, , (C.2) 

= - 8 coshr/Fi 2 - 8cosV'F34 . 

D Solution of localization equations for X2 

In this section, we discuss solutions for X 2 to the localization equations. Our conjec¬ 
ture is that the normalizable regular solution is uniquely given as (3.5). As evidence, 
we hnd asymptotic solutions and show that all possible solutions except (3.5) that 
correspond to the asymptotic solutions may diverge at r = cosh// = 1 . 

Two of localization equations from (3.2) are = ^X^Tab — -^V[aDb]+X 2 and 
F^^ = —^X^Tab + -^vyaDb]-Xl. Substituting those equations into the Bianchi 
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identity 0 = + d^^F^g, we obtain the following differential equation for 

^2, 


- (9^ + d'^)X 2 

+ dr,X 2 sin ^jJ 
+ 8 ^X 2 cos V’ 


Sinn T] + sin ip 
2 cos^ Ip — cosher/ 
- sinh^i] + sin^ ip 


^ Ip sinh r] cosf 

- (sinh^r] + sin^ ip 


r. sin 
4 


sinh^i] cosher] — sin^ ip cos^ ip' 
(sinh^i] +sin^'^)2 
sinh r] cosh r] ' 
sinh^i] + sin^ ip - 


= 0 . 


(D.l) 


The asymptotic solutions to the above equation at rj ^ 00 are e*™® 4>)/cosher] 

up to a multiplicative constant, where are spherical harmonics on and m 
are non negative integer and r = coshr^. 

If we multiply the above differential equation with sinh rj sin ip (sinh^r; + sin^ ip)'^ 
and use the variable r = cosh 77 and x = cosip, we obtain the following equation 


(r^ — l)r(l — x^){r^ — x^) (r^ — l)d^ + rdr + (1 — x^)dl — xd, 


Xo 


+ (F - 1)(1 - x^) {2x^ - F){F - x^) + 2((r" - ly - (1 - xy^) 


drX 2 


+ y — i)x 4(1 — x‘^)y — i)r — y — i)ry — 


d,X 2 


ry — xy 8^2 = 0 . 


(D.2) 


First let us restrict to solutions that are independent of 6 and (p. In this case, the 
asymptotic behavior is Yifi{ip, cp)/r^ = Py)/r^, where Pi is Legendre polynomial. 
Since all the coefficient of the differential operators are polynomial of r and x, we 
assume that the solutions can be written as 


X 2 


Peix) 

ri 


00 00 


+ 5 : E 

n=i+l p=0 


-'n,p 




(D.3) 


In case where ^ = 1, the solution X 2 = x/r is a solution that is presented in 
(3.5). In case where i = 2, the simplest solution is 


V2 = E( 


n=0 


4n + 2 


-X 




4n + 6 ’ 


and it diverges at r = 1. We can rewrite it as follows 




6 r + y — x^)log 


r + 1 


(D.4) 


(D.5) 


38 


























Although there are other solutions with £ = 2, if we fix the coefficient of the highest 
power and subtract the above solution from other solutions, the highest power of r 
becomes less than — 2 . So we can consider them as solutions with i > 2. 

In case where £ = 3, the simplest solution is 


A'2 = E ( 


15 


n=0 


4n + 6 




15 . 1 

:X) ■ 


4n + 10 ’ r2«+3 ’ 


(D, 6 ) 


which diverges at r = 1 again. It can be rewritten as 

V2 = ^[l + 3(r^-:.^)(l + pog— )' 


(DJ) 


We conjecture that for any positive integer there is a unique solution of the fol¬ 
lowing form 




Pi{x) 




Q+2fc,2p+e 

j.i+ 2 k 


(D. 8 ) 


where e is 0 or 1 when I is even or odd respectively and the floor function [|J denotes 
the largest integer not greater than The series expansion of r continues infinitely 
for £>2. 

Next let us consider solutions whose asymptotic behaviors are 
We propose that 




m YiAiJ, 0 ) 


sinm T] 


are the solutions. They also diverge at rj = 0. 


(D.9) 


E Fixed point formula 


In this appendix we will show a proof of Atiyah-Bott fixed point formula [48, 49], 
which we used in the section 4.2. Let —>■ be an complex of vector bundles over 
a manifold X and Dw : T{E^) T{E^) is a differential operator. For a given map 

/ : X —)■ X, we can define f*E\ which is a pullback of E^ by /. Moreover the map 
/ induces a map 7 : Pp ; where p E X. 

Let us define a map T := 7 o /*. If the fixed points on X under / are isolated, 
we have the following formula 


T^KerDio^ ~ TrcokerDio^ 


E 

aiGfixed point set 


Trj;o7 - Trjj;i7 
|detT,x(l - df {x))\ 


(E.l) 


if the left-hand side is well-defined. This is called Atiyah-Bott formula. 
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Since we focus on cases where Diq commutes with T here, TrxerDio ^“TrcokerDio T 
Trr(EO) T — Trr(Ei) T. Let us take an example where is an cotangent bundle and 
prove the following part in the formula^^ 


Trr(EO) T 


E 

a:Gfixed point set 


TrE 07 

|detT,x(l - df{x))\ 


(E.2) 


in that case. The above equality holds if the left-hand side is well-defined. Since 
r{E^) is inhnite dimensional, one should be careful about it. 

An element of r(E°) can be written as A^{x)dx^. If x goes toy = f{x) by /, 
A^{x)dx^ is mapped to A^{y)dy^ by f* and it is further mapped to Au{y){dy'' / dx^)dx^ 
by 7 . Generally if a given operator Q maps u^{x)dx^ to v^{x)dx^ =: {Q’^^u„)dx^, we 
can dehne the kernel for the operator Q such that J dy Kqu^[x, y)uu{y) = n^(a;). 
In our case, the kernel for T is 

dv^ 

Kt^^{x, y) = 5{f{x) - y) ■ (E-3) 

For a general operator Q, the trace of Q over r(F°) can be rewritten as follows 

Trr(i,o) = jdxJ2 > (E-4) 


if the left-hand side is well-dehned. Let us derive the above relation. Fist we choose 
a complete set of orthonormal basis in T{E^). Fach component A^ of 

one-form held A^dx^ can take different held conhguration labeled by and {p} 
is the set {Pfi}fi of labels for all components. We can rewrite the trace in the left-hand 
side of the above relation as 

= f dyY,KQ.^(x,y)A\rHv), (E,5) 

{p} {P} P ^ 


where we used the dehnition of the kernel Kqix^. By applying the following com¬ 
pleteness condition 


5 ^ (> 1 Wc(:c))- 4 -I( 9 ) = S(x - y)S'‘, (E, 6 ) 

{P} 

to the right-hand side of (F.5), we can derive (F.4). 

^^The quotation mark “ = ” is to emphasize that this equality holds only when the left hand 
side is well-defined. The left hand side is well-defined only when we take the difference of traces 
Trr(_EO) — Trr(£:i). If the equality were strictly true, there would be no need to check transversally 
ellipticity of the operator, Diq. 
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Let us apply the relation (E.4) to the operator T. By using (E.3) and replacing 
the integration variable x with z := x — f{x), we can derive the formula (E.2) as 
follows 


Trr(EO)T “ = ” 


j dx = j dx ^^(/(x) 


x))^ 


f 1 idx. di 


dx^{z) 


dz 


d{z)j: 


dxi^ 


II d(/-l(a:))/") 


|d<=‘(l - f )l 


'x(z)))f 

= E 

X s.t.x = f(x) 


Tr^oy 


|de‘(l-|)l 


(E,7) 


For general E*, we can also derive the formula (E.2) in the same way. Although 
Trr(Ep E itself may not be well-dehned, Trr(£;o) T — Trr(Ei)T is well-dehned in the 
following cases. If T commutes with Dio, Trr(EO) T — Trr(£;i)T = TrxerDio^ ~ 
TrcokerDioE. Let us decompose the spaces KerDio and Coker Dio into subspaces 
such that each subspace has different eigenvalue for T. If each subspace is hnite 
dimensional, TrxerDio^ ~ TrcokerDio^ is well-dehned and the following formula holds 


TrxerDio^ “ TrCokerDio^ 


E 

xGfixed point set 


Trj^oy - Trj^iy 
|detr,x(l - df \x)) 


(E.8) 
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